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We construct two mutually unbiased bases by maximally entangled states (MUMEBs) in C2⊗C3.
This is the first example of MUMEBs in Cd⊗Cd
′
when d ∤ d′, namely d′ is not divisible by d. We show
that they cannot be extended to four MUBs in C6. We propose a recursive construction of mutually
unbiased bases formed by special entangled states with a fixed Schmidt number k (MUSEBks).
It shows that min{t1, t2} MUSEBk1k2s in C
pd ⊗ Cqd
′
can be constructed from t1 MUSEBk1s in
Cd ⊗ Cd
′
and t2 MUSEBk2s in C
p ⊗ Cq for any d, d′, p, q. Further, we show that three MUMEBs
exist in Cd ⊗ Cd
′
for any d, d′ with d | d′, and two MUMEBs exist in Cd ⊗ Cd
′
for infinitely many
d, d′ with d ∤ d′.
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I. INTRODUCTION
The notion of mutually unbiased bases (MUBs) became an essential feature of quantum mechanics in 1960 in the
works of Schwinger [1]. In his work, Schwinger realized that no information can be retrieved when a quantum state
which is prepared in a basis state is measured with respect to the basis mutually unbiased with the prepared one.
This observation has a striking application in the well-known BB84 quantum key distribution (QKD) protocol [2].
Estimating an unknown physical transformation of a state, which is described by a unitary operator, was studied in
[3]. It is a more challenging problem compared to state estimation because it requires optimal measurements of states
both post and prior to transformation. Such estimation has an immediate application in the alignment of reference
frames using quantum spins [4], and in the field of quantum cryptography but with a lower security threshold [5, 6].
To improve the security, a notion of “mutually unbiased unitary-operator bases” (MUUBs) was put forward in [7] for
unitary operators acting on a d-dimensional Hilbert space as a set of pairwise mutually unbiased unitary operator
bases. The concept MUUBs was shown to be equivalent to MUBs formed by maximally entangled states (MUMEBs)
[8]. In the same paper, Shaari et al. [8] generalized the original MUUBs for unitary operators acting on subspaces
of a Hilbert space, and considered the distinguishability of unitaries selected from a set of MUUBs and its use in a
QKD setup.
In this paper, we consider another generalization of MUUBs. Motivated by the equivalence between MUUBs in Cd
and MUBs formed by maximally entangled states (MUMEBs) in Cd ⊗Cd, we study mutually unbiased bases formed
by special entangled states with a fixed Schmidt number k (MUSEBks) in a general bipartite state space Cd ⊗ Cd′
(1 ≤ k ≤ d, d′), Let Mk(d, d′) denote the maximum size of MUSEBks in Cd ⊗ Cd′ , i.e., the maximum number of
mutually unbiased bases formed by special entangled states with Schmidt number k. The central problem here is to
determine Mk(d, d
′) in a given bipartite state space and provide bounds for this value.
There have been results in [7–15] in which MUMEBs were known only when d | d′, namely d′ is divisible by d. We
give the first example of MUMEBs when d ∤ d′, and propose a simple construction of MUSEBks for general systems via
matrix spaces. Consequently, we improve all previous results on MUSEBks (MUMEBs). See Table I for a summary
and comparison with known results.
The rest of this paper is organized as follows. In Sec. II, we introduce some related notations and terminologies,
and give a one-to-one correspondence between MUSEBks in Cd ⊗ Cd′ and MUSEBks in Md×d′. Sec. III provides a
construction of two MUMEBs in C2 ⊗ C3, which is the first MUMEBs when d ∤ d′. In Sec. IV, we show that the
two MUMEBs in C2 ⊗ C3 constructed in Sec. III cannot be extended to 4 MUBs in C6. In Sec. V, we establish a
construction of min{t1, t2} MUSEBk1k2s in Cpd⊗Cqd′ from t1 MUSEBk1s in Cd⊗Cd′ and t2 MUSEBk2s in Cp⊗Cq,
which yields several new lower bounds in Sec. VI. We give the main conclusion and some open problems in Sec. VII.
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2TABLE I: Results about MUSEBks in Cd ⊗ Cd′
(d, q have a factorization of prime power, pa1
1
≤ · · · ≤ pass ,(p
′
1)
a′
1 ≤ · · · ≤ (p′s)
a′
s)
Conditions Bounds References
d ≥ 2 Md(d, d) ≤ d
2 − 1 [7]
d = 2, 3, 5, 7, 11 Md(d, d) = d
2 − 1 [7]
d = pa1
1
· · · pass , p
a1
1
≥ 3 Md(d, d) ≥ p
a1
1
− 1 [11]
d ≥ 3, prime power Md(d, d) ≥ 2(d− 1) [12]
d = pa1
1
· · · pass , odd Md(d, d) ≥ 2(p
a1
1
− 1) [14]
d, odd prime power Md(d, d) ≥ (d
2 − 1)/2 [13]
d = 2tpa1
1
· · · pass , t = 0 Md(d, d) ≥ (p
2a1
1
− 1)/2 This paper
d = 2tpa1
1
· · · pass , t = 1 Md(d, d) ≥ 3 This paper
d = 2tpa1
1
· · · pass , t ≥ 2 Md(d, d) ≥ min{2(2
t − 1), (p2a1
1
− 1)/2} This paper
Md(d, d
′) ≥ 2, ℓ ≥ 1 Md(d, 2
ld′) ≥ 2 [10]
q and d, both prime powers Md(d, qd) ≥ min{q,Md(d, d)} [12]
q = (p′1)
a′
1 · · · (p′s)
a′
t , d odd Md(d, qd) ≥ min{(p
′
1)
a′
1 + 1,Md(d, d)} [14]
d, q ≥ 2 Md(d, qd) ≥ min{N(q),Md(d, d)} ≥ 3 This paper
d, q ≥ 1 M2d(2d, 3qd) ≥ 2. This paper
k = 2l M2(3, 4k) ≥ 2 [15]
k ≥ 1 M2(3, 2k) ≥ 2 This paper
d, p ≥ 2, q ≥ 1 Md(pd, qd) ≥ min{N(p),Md(d, qd)} ≥ 3 This paper
II. DEFINITION AND PRELIMINARY
Assume that 1 ≤ k ≤ min{d, d′}. A (pure) state |ψ〉 ∈ Cd ⊗ Cd′ is called a special entangled state with Schmidt
number k if it has Schmidt decomposition:
ψ =
1√
k
k−1∑
i=0
|i〉|i′〉,
where {|i〉} and {|i′〉} are orthonormal sets of Cd and Cd′ , respectively [16]. In particular, a special entangled state
with Schmidt number k is a product state when k = 1, and a maximally entangled state when k = min{d, d′}. A basis
B is called a special entangled basis with Schmidt number k (SEBk) in Cd⊗Cd′ if it contains dd′ pairwise orthogonal
special entangled states with Schmidt number k [16, 17]. In particular, B is a maximally entangled state basis (MEB)
when k = min{d, d′}.
Two orthonormal bases B1 = {|φi〉}dd′i=1 and B2 = {|ψi〉}dd
′
i=1 of C
d ⊗ Cd′ are said to be mutually unbiased if
|〈φi|ψj〉| = 1√
dd′
, (1 ≤ i, j ≤ dd′).
A set of SEBks A = {B1,B2, . . . ,Bm} in Cd⊗Cd′ is called mutually unbaised (MUSEBks) if every pair Bi and Bj are
mutually unbiased. MUSEBks are MUUBs when k = d = d′, and MUMEBs when k = min{d, d′}. When k = d′ = 1,
MUSEBks are just MUBs [18], for which the maximum size is denoted by N(d) conventionally. It is shown that
N(d) ≤ d+ 1 and N(d) = d+ 1 when d is a prime power [18]. An open problem is to determine N(d) when d is not
a prime power, which has an elementary lower bound (d = pa11 . . . p
as
s , p
a1
1 ≤ · · · ≤ pass ):
N(d) ≥ min{N(pa11 ), . . . , N(pass )} = pa11 + 1. (1)
Actually, this bound can be improved in some special cases [19]. It is shown that a complete set of MUBs of a bipartite
system contains a fixed amount of entanglement [20].
Now we define similar concepts in matrix spaces. Let Md×d′ be the Hilbert space of all d × d′ complex matrices
equipped with inner product
(A,B) = Tr(A†B).
3There is a one-to-one relation between Cd ⊗ Cd′ and Md×d′ [17]:
|ψi〉 =
∑
k,l
a
(i)
k,l|k〉|l′〉 ∈ Cd ⊗ Cd
′ ⇐⇒ Ai = [a(i)k,l] ∈Md×d′ ,
Sr(|ψi〉) = rank(Ai), 〈ψi|ψj〉 = Tr(A†iAj),
where {k} and {l′} are the computational bases of Cd and Cd′ , respectively, and Sr(|ψi〉) denotes the Schmidt number
of |ψi〉.
Let { 1√
k
, 1√
k
, . . . , 1√
k
}k denote k values of 1√
k
. A d× d′ matrix is called a k-singular-value- 1√
k
matrix if its nonzero
singular values are { 1√
k
, 1√
k
, . . . , 1√
k
}k. Then |ψi〉 is a special entangled state with Schmidt number k if and only if
Ai is a k-singular-value-
1√
k
matrix. Especially, when k = d = d′, |ψi〉 is a maximally entangled state if and only if√
dAi is a unitary matrix. We give the definitions of SEBks and MUSEBks in Md×d′.
Definition 1. A set of k-singular-value- 1√
k
matrices {Ai}dd′i=1 of Md×d′ is called an SEBk if Tr(A†iAj) = δij.
Definition 2. Two SEBks B1 = {Ai}dd′i=1 and B2 = {Bi}dd
′
i=1 in Md×d′ are said to be mutually unbiased if
|Tr(A†iBj)| =
1√
dd′
, (1 ≤ i, j ≤ dd′).
A set of SEBks A = {B1,B2, . . . ,Bm} in Md×d′ is called MUSEBks if every pair Bi and Bj are mutually unbiased.
Due to the one-to-one relation, an SEBk of Md×d′ is an SEBk of Cd ⊗ Cd′ ; MUSEBks in Md×d′ are MUSEBks
in Cd ⊗ Cd′ . When k = d = d′, Definition 2 gives MUMEBs in Md×d, which corresponds to MUMEBs in Cd ⊗ Cd.
In this case, multiplying each matrix by a scaler
√
d gives a set of mutually unbiased unitary bases (MUUBs) in Cd
defined in [7]. So Definition 2 can be viewed as a generation of MUUBs in [7], from which we know Md(d, d) ≤ d2− 1
and Md(d, d) = d
2 − 1 when d = 2, 3, 5, 7, 11.
Remark 1. In [8], the authors gave another definition of MUUBs: Consider two distinct orthogonal bases, A0 and
A1, composed of unitary transformations for some subspace of the vector space Cd. A0 and A1 are MUUBs provided
that
|Tr(A(i)†0 A(j)1 )|2 = c, ∀ A(i)0 ∈ A0, A(j)1 ∈ A1,
for i, j = 1, ..., n and some constant c 6= 0.
When A0 and A1 are composed of unitary transformations for the whole vector space Cd, and c = 1, then this
definition reduces to Definition 2 for the case k = d = d′ by multiplying each matrix by a scaler 1/
√
d.
III. THE FIRST MUMEBS WITH d ∤ d′
In previous works of [9–14], all constructions about MUMEBs are for Cd ⊗ Cd′ with d | d′. Are there MUMEBs in
Cd ⊗ Cd′ when d ∤ d′? We next give an example in this case.
Theorem 1. There are two MUMEBs in C2 ⊗ C3. Namely, M2(2, 3) ≥ 2.
Proof. Let
|φm,n〉 = 1√
2
1∑
p=0
(−1)np|p〉|(p⊕m)′〉,
where n = 0, 1, m = 0, 1, 2, and p ⊕m := p +m (mod 3). It is easy to check that {|φm,n〉} is an MEB in C2 ⊗ C3.
Let A be a 2× 2 unitary matrix
A =
(
A00 A01
A10 A11
)
,
4and let (
|a0〉
|a1〉
)
=
(
A00 A01
A10 A11
)(
|0〉
|1〉
)
.
Denote
|ψm,n〉 = 1√
2
1∑
p=0
(−1)np|ap〉|(p⊕m)′〉,
where n = 0, 1 and m = 0, 1, 2. Then {|ψm,n〉} is also an MEB in C2 ⊗ C3. By definition, {|φm,n〉} and {|ψm,n〉} are
two MUMEBs if and only if ∣∣∣∣∣
1∑
p2=0
1∑
p1=0
(−1)λ〈(p1 ⊕m1)′|(p2 ⊕m2)′〉Ap2,p1
∣∣∣∣∣ = 2√6 ,
for all λ = 0, 1 and m1,m2 = 0, 1, 2. When m1 = m2, we have |A0,0 ± A1,1| = 2√6 , which implies A0,0⊥A1,1 and
|A0,0| = |A1,1| = 1√3 ; when m2 ≡ m1 + 1 (mod 3), we have |A0,1| =
2√
6
; when m1 ≡ m2 + 1 (mod 3), we have
|A1,0| = 2√6 . So we can assume that
A =
1√
3
(
eiθ1
√
2eiθ2√
2eiθ3 ei(θ1+
pi
2
)
)
, (2)
for some θi, i = 1, 2, 3. Since A is a unitary matrix, θi must satisfy the following condition:
θ2 + θ3 − 2θ1 = 2kpi + 3pi
2
, for some k ∈ Z. (3)
Taking
θ1 = 0, θ2 =
3pi
2
, θ3 = 0,
we have
A =
1√
3
(
1 −√2i√
2 i
)
and
|a0〉 = 1√
3
(|0〉 −
√
2i|1〉), |a1〉 = 1√
3
(
√
2|0〉+ i|1〉).
Then {|φm,n〉} and {|ψm,n〉} are as follows: 

|φ0,0〉 = 1√
2
(|00′〉+ |11′〉)
|φ0,1〉 = 1√
2
(|00′〉 − |11′〉)
|φ1,0〉 = 1√
2
(|01′〉+ |12′〉)
|φ1,1〉 = 1√
2
(|01′〉 − |12′〉)
|φ2,0〉 = 1√
2
(|02′〉+ |10′〉)
|φ2,1〉 = 1√
2
(|02′〉 − |10′〉)
, (4)
5

|ψ0,0〉 = 1√
6
(|00′〉+
√
2|01′〉 −
√
2i|10′〉+ i|11′〉)
|ψ0,1〉 = 1√
6
(|00′〉 −
√
2|01′〉 −
√
2i|10′〉 − i|11′〉)
|ψ1,0〉 = 1√
6
(|01′〉+
√
2|02′〉 −
√
2i|11′〉+ i|12′〉)
|ψ1,1〉 = 1√
6
(|01′〉 −
√
2|02′〉 −
√
2i|11′〉 − i|12′〉)
|ψ2,0〉 = 1√
6
(|02′〉+
√
2|00′〉 −
√
2i|12′〉+ i|10′〉)
|ψ2,1〉 = 1√
6
(|02′〉 −
√
2|00′〉 −
√
2i|12′〉 − i|10′〉)
. (5)
Thus the above {|φm,n〉} and {|ψm,n〉} are two MUMEBs in C2 ⊗ C3.
Note that we can also take θ1 =
pi
4 , θ2 =
3pi
4 , θ3 =
5pi
4 in Eq. (2), then
A =
1√
3
(√
2
2 (1 + i) −1 + i
−1− i
√
2
2 (−1 + i)
)
and
|a0〉 = 1√
3
(
√
2
2
(1 + i)|0〉+ (−1 + i)|1〉), |a1〉 = 1√
3
((−1 − i)|0〉+
√
2
2
(−1 + i)|1〉). (6)
The above {|φm,n〉} and {|ψm,n〉} are also two MUMEBs in C2 ⊗ C3. Unfortunately, if A1 and A2 are two matrices
that satisfy the conditions of Eq. (2) and Eq. (3), then A1A2 cannot satisfy these conditions. It means we cannot
construct three MUMEBs in C2 ⊗ C3 by this way.
We should mention that our method of constructing two MUMEBs in C2 ⊗ C3 in Theorem 1 is similar to that of
constructing MUMEBs in Cd⊗Ckd from [9], where a unitary matrix A of size kd×kd is applied on the latter subspace
Ckd. However, using their method, we find that such a 3× 3 unitary matrix A does not exist. So we cannot construct
MUMEBs in C2 ⊗ C3 by the method in [9].
Before closing this section, we convert {|φm,n〉} and {|ψm,n〉} of Eq. (4) and Eq. (5) to MUMEBs R1 and R2 in
M2×3, respectively.
R1 = { 1√
2
(
1 0 0
0 1 0
)
,
1√
2
(
1 0 0
0 −1 0
)
,
1√
2
(
0 1 0
0 0 1
)
,
1√
2
(
0 1 0
0 0 −1
)
,
1√
2
(
0 0 1
1 0 0
)
,
1√
2
(
0 0 1
−1 0 0
)
},
R2 = { 1√
6
(
1
√
2 0
−√2i i 0
)
,
1√
6
(
1 −√2 0
−√2i −i 0
)
,
1√
6
(
0 1
√
2
0 −√2i i
)
,
1√
6
(
0 1 −√2
0 −√2i −i
)
,
1√
6
(√
2 0 1
i 0 −√2i
)
,
1√
6
(
−√2 0 1
−i 0 −√2i
)
}.
IV. APPLICATION
In this section, we propose an application of the two MUMEBs in C2 ⊗ C3 constructed in Eqs. (4) and (5) in
Theorem 3. This is to tackle the special case of a long-standing open problem, namely whether four six-dimensional
MUBs exist. The study of MUBs has extensive physical applications in quantum cryptography, tomography, and the
construction of Wigner functions. It has been shown that there exist three six-dimensional MUBs, and widely believed
6that four six-dimensional MUBs may not exist in spite of great efforts from mathematical and physical community
[20–38].
To explain the application, we refer to the vectors in an orthonormal basis in Cn as the column vectors of a
unitary matrix. In particular we refer to the computational basis as the identity matrix. Hence, the existence of four
six-dimensional MUBs is equivalent to the existence of the identity matrix, and three complex Hadamard matrices
(CHMs) which are MU. If they exist then we refer to the three CHMs as the so-called MUB trio [36]. From Lemma
11 (ii) and matrix Y6 of [36], we have found the following criterion of determining when a CHM belongs to an MUB
trio.
Lemma 2. (i) A CHM belongs to an MUB trio if and only if so does its transpose.
(ii) If a CHM has a 2× 3 real submatrix then it does not belong to any MUB trio.
Now we are in a position to present the application of the two MUMEBs in Eqs. (4) and (5).
Theorem 3. The two MUMEBs in Eqs. (4) and (5) cannot be extended to four MUBs.
Proof. In the following, we express the two MUMEBs as two unitary matrices U and V , respectively.
U =


1√
2
1√
2
0 0 0 0
0 0 1√
2
1√
2
0 0
0 0 0 0 1√
2
1√
2
0 0 0 0 1√
2
− 1√
2
1√
2
− 1√
2
0 0 0 0
0 0 1√
2
− 1√
2
0 0


,
and
V =


1√
6
1√
6
0 0
√
2√
6
−
√
2√
6√
2√
6
−
√
2√
6
1√
6
1√
6
0 0
0 0
√
2√
6
−
√
2√
6
1√
6
1√
6
−
√
2i√
6
−
√
2i√
6
0 0 i√
6
− i√
6
i√
6
− i√
6
−
√
2i√
6
−
√
2i√
6
0 0
0 0 i√
6
− i√
6
−
√
2i√
6
−
√
2i√
6


.
One can verify that the lower left 2 × 3 submatrix of U †V Q is
(
− 1√
6
− 1√
6
1√
6
1√
6
1√
6
1√
6
)
, where the diagonal unitary
Q = diag(−i,−i, 1, 1, 1, 1). Hence U †V Q does not belong to any MUB trio in terms of Lemma 2. We have proven the
assertion.
Our results restrict the form of MUB trio, if it really exists. Following the proof of Theorem 3, one can similarly
show that the other pair of MUMEBs constructed at Eq. (6) cannot be extended to four MUBs too. We may conjecture
that, any two MUMEBs cannot be extended to four MUBs.
V. A RECURSIVE CONSTRUCTION OF MUSEBKS
In this section, we give a construction of MUSEBk1k2s in C
pd ⊗Cqd′ from MUSEBk1s in Cd ⊗Cd′ and MUSEBk2s
in Cp ⊗ Cq for any positive integers d, d′, p and q.
For any two sets S = {A1, A2, . . . , An} and T = {B1, B2, . . . , Bm}, define ST := {AT1 , AT2 , · · · , ATn}, and
S ⊗ T := {Ai ⊗Bj | i = 1, . . . , n, j = 1, . . . ,m}.
Theorem 4. If there are t1 MUSEBk1s in C
d ⊗ Cd′ and t2 MUSEBk2s in Cp ⊗ Cq, then there are min{t1, t2}
MUSEBk1k2s in C
pd ⊗ Cqd′ . Namely,
Mk1k2(pd, qd
′) ≥ min{Mk1(d, d′),Mk2(p, q)}. (7)
7Proof. We prove it by using the language of MUSEBks in Md×d′. Let S1 = {A1, A2, . . . , Add′} and S2 =
{B1, B2, . . . , Bdd′} be two MUSEBk1s in Md×d′ , that is, Ai, Bj are k1-singular-value- 1√k1 matrices, Tr(A
†
iAj) = δi,j ,
Tr(B†iBj) = δi,j and |Tr(A†iBj)| = 1√dd′ .
Similarly, let T1 = {C1, C2, . . . , Cpq} and T2 = {D1, D2, . . . , Dpq} be two MUSEBk2s in Mp×q, then Ci, Dj each
have k2 singular values
1√
k2
, Tr(C†iCj) = δi,j , Tr(D
†
iDj) = δi,j and |Tr(C†iDj)| = 1√pq .
Then S1 ⊗ T1 and S2 ⊗ T2 are two sets of dd′pq matrices in Mpd×qd′ . We prove that they are two MUSEBk1k2s in
Mpd×qd′ .
First, we show that S1⊗T1 and S2⊗T2 are two SEBk1k2s. We only prove it for S1⊗T1, the other one is similar. Since
each Ai ⊗ Cj ∈ S1 ⊗ T1 has nonzero singular values { 1√k1k2 ,
1√
k1k2
, . . . , 1√
k1k2
}k1k2 , it is a k1k2-singular-value- 1√k1k2
matrix. Next, Tr[(Ai ⊗ Cj)†(Ai′ ⊗ Cj′ )] = Tr(A†iAi′ ) · Tr(C†jCj′ ) = δi,i′δj,j′ , so they are orthogonal if (i, j) 6= (i′, j′).
Finally, the mutually unbiased property follows from the fact that |Tr[(Ai ⊗ Cj)†(Bi′ ⊗ Dj′ )]| = |Tr(A†iBi′)| ·
|Tr(C†jDj′)| = 1√pdqd′ .
Let t = min{t1, t2}. Assume that S1,S2, . . . ,St are t MUSEBk1s in Md×d′, and T1, T2, . . . , Tt are t MUSEBk2s in
Mp×q. It is easy to see that {S1 ⊗ T1,S2 ⊗ T2, . . .St ⊗ Tt} is a set of t MUSEBk1k2s in Mpd×qd′ from the above
analysis.
Theorem 4 gives a useful generic construction of MUSEBks (MUMEBs). We illustrate its importance in several
cases.
When k1 = d ≤ d′ and k2 = p ≤ q, we obtain the case for MUMEBs,
Mpd(pd, qd
′) ≥ min{Md(d, d′),Mp(p, q)}. (8)
Example 1. There are five MUMEBs in C2 ⊗ C4 and three MUMEBs in C2 ⊗ C6 [9], then we can construct at least
three MUMEBs in C4 ⊗ C24, that is, M4(4, 24) ≥ min{M2(2, 4),M2(2, 6)} ≥ 3.
Observing that Theorem 4 does not require d ≤ d′ and p ≤ q, and the fact that Mk(d, d′) = Mk(d′, d), we can get
the following different example.
Example 2. From five MUMEBs in C2 ⊗ C4 and three MUMEBs in C2 ⊗ C6, we can also construct three MUSEB4s
in C8 ⊗ C12, that is, M4(8, 12) ≥ min{M2(4, 2),M2(2, 6)} ≥ 3.
Now we consider Theorem 4 when some parameters of d, d′, p, q equal one. Observing that M1×d′ is exactly the
same space as Cd
′
, an SEB1 in M1×d′ is an orthonormal basis in Cd′ , and MUSEB1s in M1×d′ are indeed MUBs in
Cd
′
. Namely, M1(1, d
′) = N(d′). Hence, Eq (1) is a special case of Theorem 4 when k1 = k2 = d = p = 1. When
p = 1 (or q = 1), we have the following corollary.
Corollary 5. If there are t1 MUSEBks in C
d⊗Cd′ , t2 MUBs in Cq, then there are at least min{t1, t2} MUSEBks in
Cd ⊗ Cqd′ . Namely,
Mk(d, qd
′) ≥ min{N(q),Mk(d, d′)}. (9)
If k = d ≤ d′, then
Md(d, qd
′) ≥ min{N(q),Md(d, d′)}, (10)
and
Md(pd, d
′) ≥ min{N(p),Md(d, d′)}. (11)
Remark 2. As N(q) ≥ 3 for general q ≥ 2 [18], by Eq. (10), if Md(d, d′) ≥ 2, then Md(d, qd′) ≥ 2 for any q ≥ 2. This
improves the result in [10], which only showed that if Md(d, d
′) ≥ 2, then Md(d, 2ld′) ≥ 2.
From Eq. (11), we give a method to construct MUSEBks from MUBs and MUMEBs. In fact, we can construct
MUSEBds in Cpd ⊗ Cd′ from MUBs in Cp and MUMEBs in Cd ⊗ Cd′ for any p ≥ 2.
Example 3. We can construct three MUSEB3s in C6 ⊗ C6 from three MUMEBs in C3 ⊗ C3 and three MUBs in C2.
Namely, M3(6, 6) ≥ 3. For three MUMEBs in C3⊗C3, we construct the following three bases inM3×3 with w = e 2pii3
and i =
√−1.
8S1 = { 1
3
√
3

 w + 2 w + 2 w + 22w2 + 1 w + 2 w2 + 2w
w2 + 2w w + 2 2w2 + 1

 , 1
3
√
3

 w + 2 w
2 + 2w 2w2 + 1
2w2 + 1 w2 + 2w w + 2
w2 + 2w w2 + 2w w2 + 2w

 , 1
3
√
3

 w + 2 2w
2 + 1 w2 + 2w
2w2 + 1 2w2 + 1 2w2 + 1
w2 + 2w 2w2 + 1 w + 2

 ,
1
3
√
3

w + 2 w + 2 w + 2w + 2 w2 + 2w 2w2 + 1
w + 2 2w2 + 1 w2 + 2w

 , 1
3
√
3

w + 2 w
2 + 2w 2w2 + 1
w + 2 2w2 + 1 w2 + 2w
w + 2 w + 2 w + 2

 , 1
3
√
3

w + 2 2w
2 + 1 w2 + 2w
w + 2 w + 2 w + 2
w + 2 w2 + 2w 2w2 + 1

 ,
1
3
√
3

 w + 2 w + 2 w + 2w2 + 2w 2w2 + 1 w + 2
2w2 + 1 w2 + 2w w + 2

 , 1
3
√
3

 w + 2 w
2 + 2w 2w2 + 1
w2 + 2w w + 2 2w2 + 1
2w2 + 1 2w2 + 1 2w2 + 1

 , 1
3
√
3

 w + 2 2w
2 + 1 w2 + 2w
w2 + 2w w2 + 2w w2 + 2w
2w2 + 1 w + 2 w2 + 2w

},
S2 = { 1
3
√
3

 0 3w
2 0
3w 0 0
0 0 3

 , 1
3
√
3

 0 3 03w 0 0
0 0 3w2

 , 1
3
√
3

 0 3w 03w 0 0
0 0 3w

 , 1
3
√
3

3w
2 0 0
0 0 3w
0 3 0

 , 1
3
√
3

3w
2 0 0
0 0 3
0 3w 0

 ,
1
3
√
3

3w
2 0 0
0 0 3w2
0 3w2 0

 , 1
3
√
3

0 0 3w
2
0 3w 0
3 0 0

 , 1
3
√
3

0 0 3w0 3w2 0
3 0 0

 , 1
3
√
3

0 0 30 3 0
3 0 0

},
S3 = { 1√
3

1 0 00 1 0
0 0 1

 , 1√
3

1 0 00 w 0
0 0 w2

 , 1√
3

1 0 00 w2 0
0 0 w

 , 1√
3

0 0 11 0 0
0 1 0

 , 1√
3

0 0 w
2
1 0 0
0 w 0

 , 1√
3

0 0 w1 0 0
0 w2 0

 ,
1√
3

0 1 00 0 1
1 0 0

 , 1√
3

0 w 00 0 w2
1 0 0

 , 1√
3

0 w
2 0
0 0 w
1 0 0

}.
For three MUBs in C2, choose
T1 = {(0, 1), (1, 0)}, T2 = { 1√
2
(1, 1),
1√
2
(1,−1)}, T3 = { 1√
2
(1, i),
1√
2
(1,−i)}.
Then {S1 ⊗ T1,S2 ⊗ T2,S3 ⊗ T3} is a set of three MUMEBs in C3 ⊗ C6 by Eq. (10), and {T T1 ⊗ S1 ⊗ T1, T T2 ⊗ S2 ⊗
T2, T T3 ⊗ S3 ⊗ T3} is a set of three MUSEB3s in C6 ⊗ C6 by Eq. (11).
VI. LOWER BOUNDS FOR MUMEBS
Through out this section, we always assume that d = 2tpa11 p
a2
2 · · · pass , where p1, p2, . . . ps are distinct odd primes
such that 3 ≤ pa11 ≤ pa22 ≤ · · · ≤ pass . For convenience, we define M1(1, 1) :=∞.
Theorem 6. For any positive integer d ≥ 2, we have Md(d, d) ≥ 3. In particular,
(i) Md(d, d) ≥ p
2a1
1
−1
2 when t = 0;
(ii) Md(d, d) ≥ 3 when t = 1;
(iii) Md(d, d) ≥ min{2(2t − 1), p
2a1
1
−1
2 } when t ≥ 2.
Proof. By Eq. (8), we have
Md(d, d) ≥ min{M2t(2t, 2t),Mpa1
1
(pa11 , p
a1
1 ), . . . ,Mpass (p
as
s , p
as
s )}.
Since Mpai
i
(paii , p
ai
i ) ≥ p
2ai
i
−1
2 by [13], Md(d, d) ≥ min{M2t(2t, 2t),
p
2a1
1
−1
2 }. Then the three cases follow from the fact
that M1(1, 1) =∞, M2(2, 2) = 3 and M2t(2t, 2t) ≥ 2(2t − 1) by [12].
9Theorem 6 gives a general lower bound Md(d, d) ≥ 3 for any d ≥ 2, which is similar to the case of MUBs N(q) ≥ 3
for any q ≥ 2.
By Eq. (10) and Eq. (11), we have the following corollary.
Corollary 7. For all integers d, p, q ≥ 2, we have
Md(d, qd) ≥ min{N(q),Md(d, d)} ≥ 3, (12)
Md(pd, qd) ≥ min{N(p),Md(d, qd)} ≥ 3. (13)
Remark 3. In [14], it was shown that Md(d, qd) ≥ min{(p′1)a
′
1 + 1,Md(d, d)} when d is an odd number. Eq. (12)
extends this result for any number d ≥ 2.
We have the following corollary by applying Eq. (8) with Theorem 1 and Eq. (12).
Corollary 8. There are at least two MUMEBs in C2d ⊗ C3qd for any positive integers q and d. Namely,
M2d(2d, 3qd) ≥ 2. (14)
There are at least two MUSEB2s in C3 ⊗ C2k for any k ≥ 1. Namely,
M2(3, 2k) ≥ 2. (15)
Remark 4. Corollary 8 shows that two MUMEBs exist in Cd ⊗ Cd′ for infinitely many parameters d, d′ satisfying
d ∤ d′. The result of Eq. (15) is better than that in [15], which only showed that M2(3, 4k) ≥ 2 where k = 2l.
Example 4. There are two MUMEBs in C6 ⊗ C9, R1 ⊗ S1,R2 ⊗ S2. Namely, M6(6, 9) ≥ 2. Here, R1,R2 are from
Sec. III, and S1,S2 are constructed in Example 3.
VII. CONCLUSION
In this paper we studied constructions of MUSEBks (MUMEBs) and provided several better lower bounds on the
maximum size of MUSEBks. See Table I for a conclusion of all known results. By similar arguments as in [8], one can
consider the issue of distinguishability of SEBks selected from a set of MUSEBks and the use of MUSEBks in a QKD
setup. We can also consider the mutually unbiased measurements consisting of MUSEBks, which plays a special role
in the problem of state determination [39].
For the existence of MUSEBks, there are still many open questions. For example, which d can achieve the upper
bound Md(d, d) ≤ d2 − 1 besides 2, 3, 5, 7, 11? Can we improve the lower bound of Md(d, qd) ≥ 3? Are there three
MUMEBs in C2 ⊗ C3, while there are three MUBs in C6. Are there MUSEBks in Cd ⊗ Cd′ when k ∤ dd′? Are there
MUMEB in Cd ⊗ Cd′ for any d ∤ d′? The minimum unsolved case is C2 ⊗ C5.
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